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ABSTRACT
PREDICTING ARTICULAR CARTILAGE CONSTITUENT MATERIAL
PROPERTIES FOLLOWING IN VITRO GROWTH USING A PROTEOGLYCANCOLLAGEN MIXTURE MODEL

Michael E. Stender

A polyconvex continuum-level proteoglycan Cauchy stress function
was developed based on the continuum electromechanical PoissonBoltzmann cell model for proteoglycan interactions. The resulting
proteoglycan model was combined with a novel collagen fibril model and a
ground substance matrix material to create a polyconvex constitutive finite
element model of articular cartilage. The true collagen fibril modulus ,
and the ground substance matrix shear modulus , were varied to obtain
the best fit to experimental tension, confined compression, and unconfined
compression data for native explants and explants cultured in insulin-like
growth factor-1 (IGF-1) and transforming growth factor-β1 (TGF-β1).
Results indicate that culture in IGF-1 results in a weakening of the COL
fibers compared to native explants, and culture in TGF-β1 results in a
strengthening of the COL fibers compared to native explants. These
results elucidate the biomechanical changes in collagen fibril modulus,
and ground matrix shear modulus following in vitro culture with IGF-1 and
TGF-β1. Understanding the constitutive effects of growth factor stimulated
culture may have applications in AC repair and tissue engineering.

Keywords: Articular Cartilage, Finite Element Modeling, Cartilage growth,
collagen fiber modulus.
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Chapter 1: Introduction

Articular cartilage (AC) is a tissue that experiences a high level of
biomechanical stress and provides a low friction, wear resistant surface in
articulating joints (Williamson et al. 2003; Mow and Guo 2002). Traumatic injury,
disease, and prolonged repetitive loading can lead to degradation, damage,
and/or arthritis of AC. Arthritis is the leading cost of disability in the United States,
affecting approximately 46 million people in the United States with the medical
costs of treatment amounting to roughly 81 billion dollars in 2003 (Yelin et al.
2007). Intrinsic repair of AC is ineffective likely due to the avascularity and low
metabolic activity of the tissue (Buckwalter and Mankin 1998). Severe arthritis
results in pain, stiffness, and decreased range of motion for patients. Presently,
the only clinical option for treatment of severe arthritis is total joint replacement
(Hochberg et al. 1995). Joint replacement surgery is invasive, expensive, and
unlikely to completely restore joint function (Insall et al. 1976). Therefore, an
effective means of treating arthritis or repairing damaged AC tissue without
resorting to total joint replacement is desired.
AC tissue engineering where tissue is modified and grown in vitro for use
in vivo, presents a possible alternative to contemporary joint replacement
treatments. Tissue engineered AC would replace locally damaged tissue or, for
more extensive degradation or damage, the entire joint surface could be
removed and replaced. AC replacement would not require the destruction of the
joint structure as is inherent to joint replacement treatments. It may be necessary
for a consistently successful AC tissue engineering strategy, to modify the
1

geometry, mechanical properties, and tribological properties of an implant in
order to match the requirements of the implant site and joint (Williams et al.
2009). Improving the understanding of structure function relationships of the
constituents of AC and the constitutive effects of growth on AC is an important
goal in current tissue engineering research.
AC has demonstrated complex mechanical properties during in vitro
mechanical testing. For instance, AC has been shown to have highly non-linear
equilibrium tension and compression properties where the tissue has a much
higher Young’s modulus in tension than in compression (Soltz and Ateshian
2000; Williamson et al. 2003; Huang C-Y et al. 2005; Ficklin et al. 2007).
Additionally the mechanical properties, tissue structure, and tissue composition
of AC have been shown to vary with depth from the articular surface (Chen et al.
2001; Williams et al. 2010). AC is composed primarily of proteoglycan (PG)
molecules and a collagen (COL) fibril network. Mechanically PG and COL have
differential contributions to the overall AC mechanical response. In general, PG
molecules resist compressive stress while the COL network resists shear and
tensile stresses (Buschmann and Grodzinsky 1995). However, in situ
measurement of constituent specific stresses is not possible.
Due largely to the complex mechanical properties of AC, finite element
analysis (FEA) modeling has emerged as a useful way of modeling the behavior
of AC (Davol et al. 2008; Guilak and Mow 2000; Spilker et al. 1992). One method
to ensure material stability for a FEA solution is polyconvexity. Polyconvexity
ensures that at least one minimizing solution exists thereby improving FEA
numerical convergence. The development of a FEA model also makes it possible
to define the mechanical characteristics of individual constituents. Thereafter,
2

each constituent is combined to form a complete tissue model that is derived
directly from the true tissue composition and structure. In addition to reporting the
overall SM response, a constitutive model of AC could be used to vary the
constituent properties to determine and tune the mechanical properties of AC
repair tissue. Also, a constitutive FEA model would allow individual constituent
stresses and properties that cannot be experimentally measured to be predicted.
Early analytical models of AC were incapable of accurately modeling the
complex equilibrium, viscoelastic, and poroelastic behaviors of AC. Furthermore,
some models lacked a direct connection to the actual constituents and/or
structure of AC. Therefore, it was unlikely that insight into the structure-function
relationships of AC could be gained from such models. With recent
advancements in regulated in vitro tissue growth (Williams et al. 2010;
Williamson et al. 2003) including in vivo stimulation (Grimaud et al. 2002) there
exists a need to better understand the constitutive functional changes and
resulting mechanical manifestations of tissue engineered AC.
There are two primary aims of this work. The first aim is to develop a
physically appropriate, polyconvex, continuum level, constitutive FE model of AC,
and to use the model to determine stress equations and material constants for
native AC explants. The second aim is to use the FE model of AC to determine
how constitutive parameters change following in vitro culture. These objectives
will help to develop more accurate analytical AC models, and elucidate the
mechanical effects of in vitro culture on both the complete tissue and constituent
level mechanical properties of AC.

3

Chapter 2: Background Review

2.1 Proteoglycan Modeling

The direct experimental measurement of in situ PG swelling stress1 is not
possible through conventional experimental protocols. Experimental mechanical
testing of AC tissue reports only the solid matrix (SM) response, and it is not
possible to isolate the specific mechanical response of the PG constituent from
the complete SM response. Furthermore, Thomas et al. (2009) have proposed
that PG-COL mechanical interactions which may influence the SM response exist
and are remodeled during developmental growth. Although the mechanisms or
precise mechanical effects of PG-Col interactions are not well understood, such
PG-COL interactions may further complicate the direct measurement of in situ
PG swelling stress. Therefore, development and experimental validation of PG
models is limited to experimentation on PG solutions extracted from tissue
(Basser et al. 1998; Buschmann and Grodzinsky 1995; Bathe et al. 2005).
The PG constituent is often modeled using electrochemical models
(Eisenberg and Grodzinsky 1985; Lai et al. 1991; Buschmann and Grodzinsky
1995; Basser et al. 1998; Sun et al. 2004). While these models strive to develop
PG models that are based on physically realistic continuum electromechanical
interactions, they often require the determination of difficult to measure quantities
such as fixed charge density, or glycosaminoglycan (GAG) molecule radius, and
1

For the purposes of this study PG swelling stress and glycosaminoglycan osmotic
pressure are considered to be the same.
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can result in overestimation of PG swelling stress and numerical instability in
finite element analysis (FEA) (Klisch 2007; Davol et al. 2008; Buschmann and
Grodzinsky 1995).
A continuum level model of the PG stress response can be combined with
other constituent models (e.g. collagen fibrils) to create a complete tissue AC
model. FEA allows the individual constituent responses to be isolated from the
overall SM response. Additionally, continuum level models have been proven
effective for modeling macroscopic mechanical responses without requiring
extensive computational time necessary for micro level models (Buschmann and
Grodzinsky 1995). A polyconvex continuum mechanics model of PG would be an
appropriate and numerically stable means of modeling the macroscopic PG
mechanical response in FEA modeling.
Studies have shown that the immature and mature AC equilibrium
aggregate modulus (

) and AC compressive modulus ( ), may initially decrease

then increase with increasing compressive strains (Ficklin et al. 2001; Wang et
al. 2003; Williams et al. 2010). Therefore, it is hypothesized that under large
compressive strains (>15% - 45%) the COL fibers should undergo a transition
from tension to compression. Current models often predict that the COL
constituent would still be in tension even at 45% compressive strains
(Oungoulian 2007). While the overestimation of PG swelling stress may still
report a reasonable SM stress prediction, other constituents and in particular the
COL constituent are affected through the stress balance hypothesis. Therefore,
inaccuracies in PG stress predictions lead to inaccuracies in the COL fibril and
other constituent stress predictions. With accurate constitutive predictions, it

5

would be possible to determine the constituent specific mechanical responses to
growth, in addition to the overall SM response.

2.2 Collagen Fibril Modeling

COL fibrils are thought to play an important role in the mechanics of many
soft biologic tissues. In particular, for AC in mammals, type II collagen has been
shown to be the predominant form of collagen fibrils in the extra cellular matrix
(ECM) of cartilaginous tissues (Eyre 2001). Similar to in situ PG stress, the
specific in situ constitutive response of the COL material presents a problem to
researchers. Matrix depletion, wherein a portion of the PG constituent is digested
to help isolate the COL mechanical response is possible. Asanbaeva et al.
(2008) showed an increase in tensile modulus with matrix depletion for immature
bovine AC suggesting that in addition to COL fibrils, the PG constituent may play
a role in the tensile behavior of AC. Furthermore, Thomas et al. (2009) have
suggested that there may be COL-PG interactions that affect the mechanical SM
response further complicating direct in situ COL response measurements.
Studies have used MRI, TEM, and SEM2 imaging techniques to measure the
orientation and elastic energy storage characteristics of the COL fibers (Eyre
2001; Clark 1990; Shinar et al. 2002) yet conclusive experimental stress-strain
data for type II COL is not available.

2

MRI = magnetic resonance imaging; TEM = transmission electron microscopy;
SEM = scanning electron microscopy
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Soft tissues containing COL are often modeled as fiber reinforced
composite materials. An early model sought to capture the tensile and
compressive nonlinearity of COL by defining a modulus for fibers in compression
and a different modulus for fibers in tension (Schwartz et al. 1994). Different fiber
models of COL have been implemented with varying complexity and degrees of
fiber population and/or orientation (Julkunen et al. 2007; Fortin et al. 2000; Li et
al. 2009). Recently, a novel approach to modeling a continuous distribution of
collagen fibrils in soft tissues was proposed by Shirazi et al. (2010). Similar
continuous fibrils models have been used by Gasser et al. (2006) to model
arterial tissue, by Ateshian (2007) for generalized soft tissues, and by Ateshian et
al. (2009) to model AC. Due to the complexity of fibril reinforced models, FEA is
often implemented in order to reach a solution for a given boundary value
problem. Therefore, it is essential that the selected COL fiber model be
transferable to FEA theory for practical purposes.
Implementation of a COL material model requires the definition of one or
more material constants, (e.g. fiber modulus) in order to define the mechanical
characteristics of either the individual fibers, or a network of fibers. Strain
independent (Soulhat et al. 1999), strain dependent (Korhonen et al. 2003; Lei
and Szeri 2007), and strain dependent viscoelastic (Wilson et al. 2004), (Wilson
et al. 2005) models for COL fiber modulus have been proposed previously. By
fitting a fiber reinforced model to experimental data it is possible to vary the
material constants, such as fiber modulus, in order to match the experimental
results and thereby determine the material constants appropriate for a given
experimental group.

7

Previous studies (Korhonen et al. 2003; Wilson et al. 2004; Wilson et al.
2005; Lei and Szeri 2007) have varied COL fiber modulus to best fit experimental
data for different experimental tissue sources. Wilson et al, (2005) predicted an
equilibrium COL fiber modulus of 0.2737 MPa at 10% tensile strain for Bovine
AC. Presently, there is a wide discrepancy between COL fiber modulus
predictions and experimentally measured COL fiber modulus; Silver et al. (2002)
estimated an experimental COL fiber modulus of 7.0 GPa in the surface region
and 3.95 GPa in the deep region of mature human AC. This analytical and
experimental discrepancy could be attributed to differences in the analytical
models, experimental errors, and/or biological variation in the experimental
groups used to validate and fit FE models.

2.3 Ground Substance Matrix Modeling

The ground substance matrix (MAT) material is intended to account for
the mechanical response of other solid matrix components, including
chondrocytes not already attributed to PG and COL constituents. Studies have
shown that the ECM of AC is composed primarily of PG and COL, however there
are other molecules found in the ECM (Williamson et al. 2001; Kuettner 1992).
Other studies suggest that these additional solid matrix components, as well as
the chondrocytes, may contribute to the mechanical behavior of the complete
tissue (Buschmann and Grodzinsky 1995; Chahine et al. 2005; Ehrlich et al.
1998). To account for the mechanics of the MAT material, an isotropic
hyperelastic compressible Neo-Hookean material is proposed as a MAT material
8

model. Previously, compressible Neo-Hookean material models have been used
to model the mechanical behavior of isolated chondrocytes (Baaijens et al.
2005), and in other studies to account for the ground matrix of biological
materials (Veress et al. 2002; Holzapfel 2006). Similarly to PG swelling stress,
direct experimental measurement of in situ MAT stress is not possible.

2.4 Mechanical Testing

In order to accurately estimate constituent parameters, an experimental
data set is required to compare model predictions to experimental
measurements. For this study, previously obtained confined compression (CC),
unconfined compression (UCC), and tensile data from Williams et al. (2010), and
Stender et al.(2011) will be used. The protocols used for CC, UCC and tensile
mechanical testing are summarized briefly as follows.
Bovine calf AC explants were harvested from the patellofemoral groove
(PFG) and prepared for mechanical testing. Samples were tested either
sequentially in confined compression (CC) and unconfined compression (UCC)
according to established protocols (Ficklin et al. 2007; Chen 2001 et al.) or
uniaxial tension. For CC and UCC testing, disk shaped samples were prescribed
a compressive displacement upon the top surface while force was
simultaneously measured. For UCC testing (Figure 2.1, (a)), the equilibrium
Young’s modulus in the direction of the applied displacement E, and the
Poisson’s ratios ν, in the off axis directions were measured and recorded at 15%
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and 30% equilibrium compressive strains. Testing consisted of consecutive 400 s
ramps to 15% and then 30% CC or UCC strain. After reaching the desired strain
level, stress relaxation to equilibrium was defined as a change in stress of <0.003
MPa over 180 s. The tissue samples were kept submerged in a phosphate
buffered saline solution with protease inhibitors (PBS+PI) throughout the testing.
.

For CC testing impermeable top and bottom platens were used to apply

the fixed displacement to the tissue (Figure 2.1, (b)) During CC testing, the
equilibrium confined compression modulus,

, was measured and recorded at

15% and 30% strains. Tissue samples were constrained radially within an
impermeable confining chamber. Porous platens constrained the top and bottom
surfaces. The entire testing apparatus (platens, tissue sample, and confining
chamber) were submerged in PBS+PI for the duration of the test.

Figure 2.1. Diagram showing (a) UCC and (b) CC testing configurations for cylindrical
AC samples. For UCC Young’s Modulus, E and Poisson’s ratios in the off axis directions
were determined. For CC the confined compression modulus
was obtained.

Tensile specimens were held between two clamps and stretched to the
desired 5% and 10% tensile strains. Tensile specimens were tested similarly to
established protocols (Asanbaeva et al. 2008; Williamson et al.2003) only with
relaxation time increased to 5000 seconds to more accurately determine
10

equilibrium properties. A curve fit to the resulting stress relaxation curve was
used to estimate the equilibrium force which was used to calculate the
equilibrium Young’s modulus. A PBS+PI solution was pumped over the tissue
throughout the duration of the testing and relaxation to maintain hydration.

11

Chapter 3: Theory

The following descriptions are intended to provide an outline of the theory
relevant and necessary to the understanding of this study. Additional derivations
and complete descriptions can be found in the appendices and the associated
references.

3.1 Kinematics

Consider a body that initially, at time
configuration
configuration

, occupies a reference

. At a later time , the same body occupies the current
, (Figure 3.1).

Figure 3.1. Elementary particle motion of a body B. The vectors X and x track the
position of point p in the reference and current configurations respectively, in reference to
the origin O.
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The displacement of a material point can be defined by the displacement vector,
( ).
(3.1)
The displacement increment gradient tensor ( ), is defined as

(3.2)

where

is an increment of displacement. The rate of deformation tensor ( ),

represents the symmetric portion of the displacement increment gradient tensor
( ), and is defined in indicial notation as

(3.3)

The skew portion of the rate of deformation tensor ( ), is referred to as the spin
tensor, ( ) and is defined using indicial notation in Equation 3.4.

(3.4)

A unique material point p, on the body B, in the reference configuration
position X, and at a later time , in the current configuration
The invertible motion of the body B between

and

, has a

has a position x.

can be described by the

mapping
(3.5)

with the deformation gradient tensor defined as

13

(3.6)

Volumetric changes in the deformable compressible body B are described by the
determinant of , which is referred to as the Jacobian and is defined below

(3.7)

The law of conservation of mass asserts that mass of a body is constant under
motion and constant in every configuration. The continuity equation is derived by
applying conservation of mass across the reference configurations (Mase et al.
2009). The resulting continuity constraint is shown below in the Lagrangian form.
(3.8)

where

and

are the density in the current and reference configurations,

respectively and is the Jacobian.

By applying the polar decomposition theorem, the deformation gradient
is expressed as follows:
(3.9)
(3.10)

where

is the rotation tensor and

and

respectively. Note that the rotation tensor,
and

are the right and left stretch tensors,
is proper orthogonal and that both

are symmetric positive definite. The right ( ) and left ( ) Cauchy-Green

deformation tensors are related to the respective stretch tensors, and the
deformation gradient through the following relationships:
14

(3.11)

(3.12)

and

are consequently positive definite. The Lagrangian strain tensor ( ), is

used to evaluate how much a given deformation differs locally from rigid body
motion (Lubliner 2008). The Lagrangian strain tensor, ( ) is defined as follows

(3.13)

where

is the right Cauchy-Green deformation tensor and is the identity tensor.

3.2 Stress

The strain energy density function of a Green-elastic material is a scalar
valued function that relates the strain energy density of a material to the
deformation gradient, or a corresponding measure of deformation.
(3.14)
Note that the strain energy function is intrinsic to a particular material, and may
include relevant material constants.
For a hyperelastic, or a Green-elastic material, the stress-strain
relationship is derived from the strain energy function as shown below.

(3.15)

15

where

is the second Piola-Kirchoff stress tensor. The Kirchoff stress measure

( , Cauchy stress tensor ( ), and the first Piola-Kirchoff stress tensor ( ), are
obtained from the Second Piola-Kirchoff stress using the following
transformations.
(3.16)
The Cauchy stress tensor ( ), is current configuration force normalized to current
configuration area, or true stress. The first Piola-Kirchoff stress tensor ( ), is
current configuration force divided by reference configuration area, or
engineering stress. The Kirchhoff stress measure ( ), has no obvious physical
significance, but is useful for finite strain problems for total form constitutive
equations because the Kirchoff stress measure is the gradient of displacement
variation. For the purposes of this study, variation in work is done by a variation
in the Kirchoff stress measure and a variation in stretch.
Similarly to the derivation of the Second Piola Kirchoff Stress tensor, the
elasticity tensor can be derived using the following relationship.

(3.17)

16

3.3 Solid Matrix Constituents

For the purposes of this study the solid matrix (SM) of AC is defined to be
composed of PG, COL and MAT materials each with initial configurations
, and

,

respectively (Figure 3.2).

,
Figure 3.2. The SM stress-free reference configuration element,
is composed of PG,
MAT and COL constituent elements. Each constituent element undergoes an initial
deformation to reach the stress-free equilibrium condition.

Note that due to the intrinsic spherical swelling stress in the PG constituent
reference configuration

all constituents undergo initial deformations to meet

the initial stress-free SM element condition. These initial deformations lead to a
tensile pre-stress in the COL and MAT constituents in the SM reference
configuration (Klisch et al. 2008; Thomas et al. 2009).

17

3.3.2 Immobility Constraint

This study uses the immobility constraint to determine the constitutive
deformation gradient tensors relative to the solid matrix deformation gradient
tensor. The immobility constraint assumes that PG, COL, and MAT molecules
are bound to the SM, and therefore each constituent’s total deformation gradient
tensor (

and

) is equal to the SM deformation gradient tensor

relative to the SM reference configuration..
(3.18)
Note that relative to the respective constituent reference configurations (as
opposed to the SM reference configuration), each constituent can have a
deformation gradient tensor that is different from other constituents. The
immobility constraint has not been conclusively verified, however several studies
have successfully implemented the immobility constraint in AC modeling (Klisch
et al. 2008; Ficklin et al. 2009; Oungoulian 2007). The immobility constraint is a
physically reasonable and necessary assumption for constitutive modeling of AC.

3.3.3 Stress Balance Laws

The stress balance hypothesis is used in order to quantify the mechanical
response of the SM which is composed of multiple constituents. The stress
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balance hypothesis is a common assumption in continuum mixture theory (Atkin
and Craine 1976). The stress balance hypothesis states that the SM stress is
equal to the sum of each of the constitutive stresses shown below for the Cauchy
stress tensor, in Equation 3.19.
(3.19)
Note that the stress balance hypothesis allows non-zero constituent stresses in
the stress free SM reference configuration.

3.4 Abaqus Implementation

Implementation of the AC material developed in this project into Abaqus
(SIMULIA Providence, RI v6.7), an FEA solver, requires the development of a
user material (UMAT). Abaqus requires that the UMAT define a Cauchy stress
equation, and a material Jacobian matrix for the given UMAT. Due to the
constitutive nature of the AC model, and to make code development easier,
Cauchy stress and constituent material Jacobian matrices are defined for each
constituent individually and then summed following the stress balance laws to
report SM results.
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3.4.1 Material Jacobian Matrices

A material Jacobian matrix is used during the iterative solution process to
direct the progression of the solution for each sequential iteration towards the
final solution. The material Jacobian matrix,

must be defined in the UMAT

and is calculated, along with Cauchy stress by the FE solver for each iteration at
each material point.
The elasticity tensor is generally defined as the partial derivative of a
stress increment with respect to a strain increment.

(3.20)

The definition of the elasticity tensor shown in equation 3.20 applies to material
models with small deformations and/or small volumetric changes. For large
volumetric changes and geometric nonlinearity, Abaqus requires that a special
form of the stiffness matrix, called the exact consistent Jacobian matrix (ECJM)
(SIMULIA 2007) as defined below.

(3.21)

Note that the

term is equivalent to the Kirchoff stress measure. Within the

FEA the ECJM is equivalent to a material stiffness matrix.
Due to the complex material model developed for AC, an alternative
method of calculating the material Jacobian matrix is used. The material

20

Jacobian matrix (

) for total form constitutive equations is defined as follows by

Abaqus (SIMULIA 2007).
(3.22)
where

is the Jaumann rate of the Kirchoff stress, shown below and

is

the increment of the gradient of displacement variation with respect to current
position. Equation 3.22 will be used to define the material Jacobian matrix that
combined with a Cauchy stress equation will completely define material behavior
of the AC material model in the FE solver.
This study will use the Jaumann stress rate which is invariant under rigid
body rotation, and thus preferred for constitutive equations. Although other stress
rates are appropriate, the Jaumann stress rate is commonly used in
computational analysis because it is relatively easy to implement. The Kirchoff
stress rate, (

) is defined as.
(3.23)

Note that the Jaumann rate of the Kirchoff stress, (
of Kirchoff stress, (

) and the total increment

)) are different. However, the total increment of Kirchoff

stress must be known to calculate the Jaumann rate of Kirchoff stress and
consequently, the Jacobian stiffness matrix necessary for Abaqus
implementation.
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The total increment of Kirchoff stress is defined in indicial notation as
shown below.3
(3.24)

The

terms can be expanded using the displacement increment tensor, ( )

defined previously in equation 3.2.
(3.25)

The

term requires the calculation of the fourth order elasticity tensor shown

in equation 3.17 as well as the deformation gradient tensor ( ), and the rate of
deformation tensor, ( ) from Section 3.1
(3.26)

Note that this elasticity tensor (
stiffness matrix (

) is different than the material Jacobian

). Using equation 3.25 and equation 3.26 the variation in

Kirchoff stress shown in equation 3.24 can be rewritten as shown below.
(3.27)

which is rearranged to form the equation shown below

(3.28)

3

The following theory developed to define the material jacobian matrix was developed by
Psquale Vena and Reza Shirazi.
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Substituting into equation 3.23 and canceling terms, gives the Jaumann rate of
the Kirchoff stress as shown below

(3.29)
The Jaumann rate of the Kirchoff stress is substituted into equation 3.22 to give
the Jacobian stiffness matrix used in Abaqus implementation.

(3.30)
Note that the Cauchy stress which is already necessary for Abaqus
implementation is used in place of Kirchoff stress in the definition of the material
Jacobian matrix to simplify UMAT development.

3.4.2 Polyconvexity

The general theorem of polyconvexity, which is developed from the
principles of variational calculus, states that if the strain energy function, W is
polyconvex, then W is elliptic for all deformations. Therefore a polyconvex strain
energy function guarantees that there exists at least one minimizing deformation
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(Pedregal 1987). Polyconvexity does not guarantee a unique solution. However,
polyconvexity does guarantee that incremental stability will not be lost for a given
strain energy function. Because of the incremental nature of FE problems
incremental stability is sufficient for the solution of most problems. Because
polyconvexity does not guarantee a unique solution, it is important to validate a
FE solution to ensure that the desired strain energy state is reached.

3.5 Constituent Material Models

3.5.1 Proteoglycan Swelling Stress Models
Ideal Donnan Model
A macroscopic theory where the electrostatic repulsion contribution from
the fixed charge density (FCD) of the ECM of AC has been viewed as a Donnan
osmotic swelling pressure as proposed by Maroudas (1979). The Donnan model
(Overbeek 1956) requires no assumption of molecular structure. In the Donnan
model, the constant electrostatic potential of a polyelectrolyte phase is
determined by the FCD and results in the osmotic swelling pressure of the PG.
The Donnan model is shown below.

(3.31)

24

Where

is the Faraday constant (coul/mol),

(kJ/K-mol),

is temperature (K),

the FCD (coul/L-fluid),

is the universal gas constant

is the external ion concentration (M),

is the external osmotic coefficient, and

is

is the internal

osmotic coefficient. The ideal assumption for the Donnan model osmotic
coefficients is shown below:
(3.32)

with the ideal assumption, the Donnan model reduces to the ideal Donnan model
as shown below:

(3.33)

Modified Donnan
A study, (Buschmann and Grodzinsky 1995) proposed that external ions
present in physiologic saline, shield charge within the tissue. This ionic shielding
would lead to a decrease in osmotic pressure with an increase in external ion
concentration. The ideal model neglects this external ionic shielding and
consequently has been shown to over predict PG swelling stress for low FCD
(Buschmann and Grodzinsky 1995; Oungoulian et al. 2007). Furthermore, the
Donnan model is unable to capture the highly nonlinear pressure vs. PG
concentration behavior (Buschmann and Grodzinsky 1995). For constitutive
models, over prediction of PG swelling stress can lead to incorrect constituent
responses for all constituents, and possibly incorrect SM response predictions.
A modified Donnan model that accounts for external ionic shielding has
been used by Buschmann et al. (1995). Values for the external osmotic
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coefficient, , were determined based on external solution FCD, and values for
the internal osmotic coefficient, , were determined based on a PG associated
FCD. The modified Donnan model improves the predictions of the ideal Donnan
model, particularly for low FCD.

Poisson-Boltzmann
The Poisson-Boltzmann (PB) model is based on a microstructural,
molecular level solution to the PB-cell relationship in equation 3.34 for a unit cell
containing a charged GAG molecule and a surrounding atmosphere of mobile
ions. The PB-unit cell model accounts for the space-varying electrical potential of
GAG molecules within the PG structure. Therefore, a fundamental difference
between the PB cell and Donnan models is the characteristic length scale. In the
Donnan model, each continuum element contains many macromolecules. The
length scale in the PB model is inherently smaller (~1.0 nm) (Figure 3.3).
The Poisson-Boltzmann equation which gives electrostatic potential as a
function of radius, ( ) within the unit cell is shown below.

(3.34)

Where

is the Laplace operator,

universal gas constant (kJ/K-mol),
concentration (M),
and

is the Faraday constant (coul/mol),
is temperature (K),

is the

is the external ion

is the permittivity in the fluid phase of the unit cell (coul/m2),

is electrostatic potential (kJ/coul). For a unit cell composed of a charged

GAG molecule in an aqueous solution equation 3.34 is subject to the following
boundary conditions:
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(3.35)

where

is the charged PG molecule radius, and

is the unit cell radius. The

microcontinuum osmotic pressure difference given by the PB cell model is shown
below:

(3.36)

where

is the universal gas constant (kJ/K-mol),

external ion concentration (M),

is temperature (K),

is the

is Faraday’s constant (coul/mol), and

is

the microcontinuum electrostatic charge potential (kJ/coul) determined from the
solution to equation 3.34 with the boundary conditions in 3.35. Unit cell radius,
(R) is approximated from PG concentration through the following relationship:

(3.37)

Where b is GAG interchange distance (m), N is Avogadro’s number (atoms/mol),
is the molecular weight of a dissociated chondroitin sulfate disaccharide
(g/mol), and

is the PG concentration (g/m3).

An exact solution to the PB equation is unavailable. The PB-cell equation
is solved subject to the boundary conditions in equation 3.35 numerically.
Presently the solution to the PB-cell model provides the most accurate PG
swelling stress predictions compared to experimental results, particularly for low
FCD. Furthermore, the PB-cell model more accurately predicts equilibrium CC
modulus for AC compared with the Donnan model (Buschmann and Grodzinsky
1995).

27

3.5.2 Collagen Material Model

The COL material model used in this project was developed by Shirazi et
al. (2010). A brief description and relevant results will be reproduced here for
reference. For a complete description refer to (Shirazi et al. 2010).
Initially, the COL material undergoes an initial tensile pre-strain
deformation (

) to reach a stress free SM reference configuration,

.The SM,

and by the immobility constraint, the COL material then undergo an overall SM
deformation ( ) (Figure 3.4).

Figure 3.3. The deformation gradient tensor

maps the COL material from the initial
stress-free COL configuration,
to the stress-free SM configuration. An overall SM
deformation gradient Tensor, maps the SM to the current configuration .
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Note that in order to reach the SM stress free reference configuration, an initial
tensile pre-strain deformation (

), of the COL fibril network is necessary. This

initial deformation modifies the total COL deformation gradient (

), and

consequently, the right Cauchy Green deformation tensor ( ) as shown below:
(3.38)

(3.39)

Therefore, the COL network Lagrangian strain tensor in direction

can be

defined as follows

(3.40)

Where ( is the scalar dot product operator.

Shirazi et al. (2010) have proposed a method of defining a COL fibril
volume fraction at all material points in the material model. The COL volume
fraction (

), is taken into account when developing a complete strain energy

density function for a material where other constituents (e.g. GAG and MAT) also
make up the volume fraction at a given material point (i.e.

)

(3.41)

In the model proposed by Shirazi et al. (2010), a local spherical coordinate
system is assumed at each material point where a local unit sphere is divided
into pyramid elements each with volume
volume fraction of COL fibers (

. Each pyramid element contains a

) (Figure 3.4).
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Figure 3.4. Schematic representation of a material point unit sphere showing a single
f
pyramid element. The gray volume of the elemental pyramid represents the volume dV
occupied by COL fibers inside the total pyramid volume dV.

To account for a continuous distribution of fibers with either an isotropic or an
anisotropic fibril distribution, a fibril volume fraction distribution,

function

(in spherical coordinates) is defined.

(3.42)

To determine the total COL volume fraction at a material point, for fibers in each
direction , the fibril volume distribution function is integrated over volume of the
unit sphere.

(3.43)
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It is hypothesized that COL fibers do not support compressive stress (i.e. when
). Therefore, the unitless Heaviside step function is introduced as defined
below.

(3.44)

with the inclusion of the Heaviside step function and the fibril volume distribution
functions it is now possible to define the COL fibril strain energy function (

),

in spherical coordinates as shown below.

(3.45)
where

is the pure COL strain energy density function as a function of

Lagrangian strain. Using this COL fibril strain energy function, the second PiolaKirchoff COL stress is derived as shown below. Note that it is possible to define
the fibril volume fraction distribution function and the pure COL strain energy
density function can alternatively be defined by the Right Cauchy-Green
deformation tensor ( ), and the unit direction vector ( ) using equation 3.40.

(3.46)
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The COL network elasticity tensor is similarly derived as follows.

(3.47)
Immature bovine AC has been shown experimentally to exhibit an
approximately linear stress-strain curve in tension. (Asanbaeva et al. 2008;
Charlebois et al. 2004). Therefore, the following quadratic pure COL strain
energy density function is proposed:

(3.44)

where

is the true COL elastic modulus, and

for fibers in direction

is the Lagrangian strain tensor

as defined in equation 3.40. Proof of polyconvexity for

this strain energy density function is found in Appendix A.1.3. With this selected
pure COL strain energy density function COL fibril strain energy density function
becomes

(3.45)
The COL fibril strain energy density function is derived from equation 3.45 giving
the result shown in equation 3.46.
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(3.46)
Where (:) is the double dot product and ⊗ is the dyadic product. Using equation
3.16 the second Piola-Kirchoff stress is transformed to Cauchy stress and
implemented in FE analysis and solutions. Similarly, the COL network elasticity
tensor is derived as follows.

(3.47)
Using equation 3.30 the material elasticity tensor, (

) is implemented for FE

analysis as the COL constituent material Jacobian matrix
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.

3.5.3 Ground Substance Matrix Material Model

The MAT material is assumed to be stress free in the initial undeformed
MAT constituent reference configuration. Mechanical material properties are
governed by the right Cauchy Green deformation tensor , and a single material
constant, the MAT shear modulus

which has units of MPa. The following strain

energy function is proposed for MAT:
(3.49)

where

is the first invariant and trace of the right Cauchy-Green

deformation tensor and

is the third invariant and determinant of

right Cauchy-Green deformation tensor. Note that in the initial undeformed stress
free reference configuration the MAT strain energy is zero. Proof of polyconvexity
for the MAT strain energy function can be found in Appendix A.1.3. Using this
strain energy function, and the derivation from Appendix A.1.1 the second PiolaKirchoff MAT stress is shown below.
(3.50)

which is transformed to Cauchy stress as required for Abaqus FEA solutions and
presented in indicial notation below.
(3.51)

34

Using the derivation from Appendix A.1.2 the MAT material elasticity matrix is
derived as shown below.
(3.52)

Or alternatively, in direct notation

(3.53)

Using equation 3.30 the MAT material elasticity tensor, (
FE analysis as the MAT constituent material Jacobian matrix
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) is implemented for
.

Chapter 4: Proteoglycan Cauchy Stress
Function and FE Implementation

4.1 Goals

The objective of this work is to develop an appropriate Cauchy stress
function for the Proteoglycan (PG) constituent of articular cartilage (AC), and
thereafter to derive the associated material Jacobian matrix and implement the
model in a finite element analysis (FEA) solver. A PG is a complex
macromolecule composed of multiple chains of glycosaminoglycan (GAG)
molecules that exist within the extracellular matrix (ECM) of AC. Mechanically,
PGs create a swelling pressure due to both the repulsive electromechanical
forces created by charge carrying GAG molecules and osmotic pressure created
by a charge differential between GAG molecules and the surrounding medium. In
AC, PG swelling stress is restrained by the collagen network and helps to resist
compressive forces in vivo. Studies have shown that the immature and mature
AC equilibrium aggregate modulus (

) and AC compressive modulus ( ) may

initially decrease then increase with increasing compressive strains (Ficklin et al.
2001; Wang et al. 2003; Williams et al. 2010). Therefore, for this study it is
hypothesized that for large compressive strains (>15% - 45%) the COL network
should no longer be in tension in the direction of the loading axis after reaching a
sufficient compressive strain (>15% - 45%).
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4.2 Experimental Data Source

Theoretical calculated data points for the Poisson-Boltzmann-cell (PBcell) model predictions (Buschmann and Grodzinsky 1995) were compared with
experimentally measured isolated swamp rat chondrosarcoma PG swelling
pressure data (Williams and Comper 1990). Experimental data for newborn,
native (D0) bovine calf AC compressive and biochemical properties were taken
from my previous study (Williams et al. 2010) with the details briefly summarized
here.
Full thickness bovine newborn (1-3 weeks) calf AC blocks were harvested
from the medial and lateral ridges of the patellofemoral groove (PFG).
Superficial (S) and middle (M) layers were sliced (~0.5mm thick) from the
articular surface using a vibratome (Figure 4.1). The slices were punched into
discs for sequential confined compression (CC) (4.8mm disc) and unconfined
compression (UCC) testing (3.2 mm disc). Samples were submerged in
phosphate buffered saline with protease inhibitors (PBS+PI) and tested
according to established protocols (Chen et al.2001; Williamson et al. 2001;
Ficklin el al. 2007).
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Figure 4.1. Compression and biochemical specimen preparation schematic showing a
harvested full-thickness explant block. Slices were taken from the superficial and middle
layers, and one disc was punched from each slice. Directions 1, 2, and 3 represent three
mutually orthogonal directions.

Following compression testing, specimens were tested for biochemical
properties which were normalized to initial sample wet weight (WWi). Cell and
COL contents were calculated using ratios of 7.7 pgDNA/cell (Kim et al.1988)
and 7.25 g COL/g hydroxyproline (Herbage et al. 1977; Pal et al. 1981),
respectively. Average D0 constituent mass/WWi results are shown below in
Table 4.1.
Table 4.1. Biochemistry analysis results showing constituent (H2O, GAG, and COL)
masses normalized to initial wet weight for D0 superficial and middle layers. (Williams et
al. 2010)
Constituent

D0 Superficial Layer

D0 Middle Layer

H2O (% tissue mass)

89.34

86.63

GAG (% WW i)

3.28

4.76

COL (% WW i)

5.53

7.15
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4.3 Methods

4.3.1 Proteoglycan Cauchy Stress Function

To develop a polyconvex FEA implementable continuum level PG Cauchy
stress function, first an appropriate theoretical PG swelling stress model was
selected. The PB-cell model was chosen as an accurate PG swelling stress
model. In order to clearly express stresses the cylindrical coordinate system in
Figure 4.1 is used for the remainder of this section.

Figure 4.2 Cartilage specimen showing rectangular and cylindrical coordinate systems.
For this study loading is always in the z-direction.
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To evaluate the effectiveness of different GAG Cauchy stress models, a
constitutive AC model was developed according to the stress balance hypothesis
shown in equation 4.1.
(4.1)

where

is the experimentally measured Cauchy solid matrix stress in CC or

UCC calculated using aggregate modulus (
respectively.

), or Young’s modulus ( ),

is the predicted PG Cauchy stress, and

is the

combined predicted COL and MAT stress. Note that for this model, since it is
only necessary to evaluate the PG Cauchy stress function, and not the individual
COL and MAT constituent predictions, COL and MAT predictions are grouped
together. It is hypothesized that COL fibers cannot support a compressive stress.
Therefore, if a negative COL+MAT stress is predicted it is assumed that the
compressive stress is carried solely by the MAT constituent.
The constitutive model was used to reproduce experimental conditions for
CC and UCC loading conditions. For the UCC loading condition, the lateral
boundary was assumed to be in equilibrium (i.e. not moving) and traction free.
Therefore a lateral COL+MAT stress must be present to counteract the PG
swelling stress present at the lateral boundary. UCC stress normal to the radial
surface was calculated according to the following relationship
(4.2)
where

is the PG Cauchy stress at the lateral boundary in the r direction, and
is the COL+MAT Cauchy stress required to satisfy the prescribed
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boundary conditions in the r direction. In the direction of loading, applied stress
(

), is calculated as the sum of constituent stress as follows

(4.3)

Note that

is predicted using a PG swelling stress model, so

is the

only unknown quantity in equation 4.3. The COL+MAT stress responses were
calculated for individual experimental explants and then averaged for strain level
and layer. A description of the methods used to determine the determinant of the
deformation gradient for each sample is provided in Appendix A.1.5.
Swelling stress data points from (Buschmann and Grodzinsky1995) were
estimated for a GAG molecule radius of 0.55 nm proposed by Ogsten et al.
(1973) and GAG intercharge distance of 0.51nm proposed by GAG structural
models (Comper and Laurent 1978; Preston et al. 1972). A continuous
polynomial curve was fit determined using a least squares algorithm in Excel
(Microsoft v. 2007). Alternative GAG interchange distance and GAG molecule
radius values were also considered as inputs to the PB-cell model. However, for
other GAG parameters the corresponding COL+ MAT constituent stress
predictions stayed in tension for compressive strains up to 45%. Since this
validated the hypothesis that COL+MAT constituent stress should go into
compression for compressive strains (> 15% - 45%) the alternative PB-cell
parameter models were rejected. Curve fits to the theoretical PB-cell predictions
for PG osmotic swelling pressure were developed using the form shown in
equation 4.4:
(4.4)
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where

is PG osmotic swelling pressure (KPa),

configuration PG density (mg/ml) and

and

is the current

are material constants varied to

obtain the best overall curve fit and osmotic swelling stress prediction.
Potential PG swelling stress curve fits were evaluated based on the
correlation coefficient (R2) with PB-cell theoretical predictions. The predicted
compressive strain level of the COL and MAT tension to compression transition
was also considered, with the objective of predicting a transition from tension to
compression for the COL+MAT constituent under large compressive strains.
A Cauchy stress function was selected based on the selected PG osmotic
pressure curve fit according to the following relationship.
(4.5)
Therefore PG Cauchy stress using the curve fit in equation 4.4 is
(4.6)

where

is the current configuration GAG apparent density, and is the identity

tensor. Because PG density changes with compressive strain, it is desirable to
implement a PG model which uses the experimentally measured reference
configuration PG density. Applying the continuity relationship from equation 3.8
yields

(4.7)

where

is the experimentally measured reference configuration PG apparent

density. Note that because apparent density is used, there is no need to multiply
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Cauchy stress by a fluid volume fraction. The PG strain energy density function
can be determined by integrating the Cauchy stress function with respect to the
Jacobian using the proof in Appendix A.1.4. Therefore, the PG strain energy
density function is:

(4.8)

Derivations of terms necessary for the FE implementation of the PG constituent
can be found in Appendix A. Derivation of the Cauchy stress from the PG strain
energy function is shown in Appendix A.4.1. Derivation of the PG material
elasticity tensor is shown in Appendix A.4.2. Derivation of the PG material
Jacobian matrix is shown in Appendix A.4.3.

Biochemical Composition
To examine the effects of biochemical composition on constituent stress
predictions the COL/GAG mass ratio was calculated for each experimental
specimen as shown below.

(4.9)

where

refers to the constituent mass divided by the total tissue mass. The

calculated COL/GAG mass ratio was correlated against COL+MAT predicted
stress at 30% CC and UCC strains. For each case linear regression with t-test
analysis of the regression slope was performed.
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Polyconvexity
The PG strain energy function was tested for polyconvexity to help ensure
numerical stability in FE analysis. The derivation and resulting constraints on
and

are shown in Appendix A.4.4.

4.4 Results

4.4. Proteoglycan Swelling Stress Function Curve
Fits

The PG swelling stress function in equation 4.6 was evaluated for several
different values of

and

. The associated correlation coefficients (R2),

material constants, and rejection/acceptance determinations are recorded in
Table 4.2. Additionally, a graphical comparison of the proposed curve fits is
shown in Figure 4.3.

Table 4.2. Results of curve fits to PB-cell model predictions for a GAG molecule radius
of 0.55 nm and GAG interchange distance of 0.51 nm.

R2

Accepted/Rejected
Rejected, R2 too low
Rejected, R2 too low
Rejected, Over prediction of PG swelling stress for high
PG concentrations
Accepted

22.2
8.80

2.00
2.25

0.92
0.95

0.400

3.00

0.99

2.87

2.50

0.98
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Note that for the PB cell model prediction corresponding to

and

was rejected because predicted GAG stresses were too high relative to
the applied stresses causing the COL+MAT tension to compression transition to
not occur for either CC or UCC strains up to 45%.

Figure 4.3. Comparison of curve fits to PB-cell model predictions for a GAG molecule
radius of 0.55 nm and GAG interchange distance of 0.51 nm. The curve fit parameters
and
correspond to equation 4.6.

Based on the decided curve fit the PG swelling stress model becomes

(4.10)

And consequently continuum level PG Cauchy stress becomes

(4.11)
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4.4.2 Constituent Stress Predictions in
Compression

PG, COL+MAT and SM stress responses were calculated at equilibrium
0%, 15%, 30%, and 45% CC and UCC strains using the PG Cauchy stress
shown in equation 4.11, the stress balance hypothesis shown in equation 4.1,
and experimental results (Williams et al. 2010). The constituent stress results are
shown for CC of the S and M layers (Figure 4.4) and for UCC of the S and M
layers (Figure 4.5).

(A)

(B)

Figure 4.4. Constituent stress results for D0, (A) superficial layer, and (B) D0 middle
Layer, samples loaded in confined compression at increasing levels of compressive
strain. Note the difference in stress magnitude between superficial and middle layers.
Mean SD: n = 10, 23.
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(A)

(B)

Figure 4.5. Constituent stress results for (A) D0 superficial layer and (B) D0 middle Layer
samples from the selected PG Cauchy stress model in unconfined compression at
increasing levels of compressive strain. Mean SD: n = 11, 6.

The COL/GAG mass ratio of individual explants was shown to affect the
explant specific constituent stress predictions. Explants with higher COL/GAG
mass ratios generally predicted lower COL+MAT stress predictions in
compressive loading compared to explants with lower COL/GAG mass ratios.
The correlations between COL/GAG mass ratio and predicted COL+MAT stress
are shown for CC explants (Figure 4.6) and UCC explants (Figure 4.7).

47

(A)

(B)

Figure 4.6. Correlation between COL/GAG mass ratio and predicted COL+
MAT constituent stress for (A) D0 S Layer, and (B) D0 M Layer at 30% CC strain. T-test
of the linear regression slope gives p = 0.0893 and p = 0.0623 for S and M layers,
2
respectively. Linear regression fit and R are shown

.
(A)

(B)

Figure 4.7. Correlation between COL/GAG mass ratio and predicted COL+
MAT constituent stress for (A) D0 S Layer, and (B) D0 M Layer at 30% UCC strain. T-test
of the linear regression slope gives p = 0.0007 and p = 0.0018 for S and M layers,
2
respectively. Linear regression fit and R are shown
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4.5 Discussion

4.5.1 PG Swelling Stress Function Curve Fits

Overestimation of PG swelling stress, particularly at low FCD or PG
concentration creates a problem for constitutive AC models. For some models
COL fibers are predicted to remain in tension upwards of 45% UCC strain
(Oungoulian 2007). The PB-cell model presents a possible solution as a
physically relevant model of PG osmotic swelling pressure that has been shown
to predict lower PG swelling stresses compared to other models (Buschmann
and Grodzinsky 1995). Additional studies also suggest that the PB-cell model
results are accurate. For example, a molecular GAG model (Bathe et al. 2005)
for 16 or 32 disaccharide unit chains of chondroitin sulfate (typically 20-60 for
cartilage aggrecan) provides a close agreement to the selected PB-cell model
PG swelling stress predictions. The selected PB-Cell model is also in agreement
with the experimental PG osmotic swelling pressure results and PB model
predictions of Ehrlich et al. (1998).
Results indicate that the curve fit for equation 4.4 to the PB cell model
with values for

and

of 2.87

and 2.5, respectively, provides the best

PG swelling stress prediction and consequently more reasonable constituent
stress predictions for D0 bovine newborn calf AC. This conclusion is based on
the hypothesis that the COL + MAT constituent should transition from tensile
stress to compressive stress for compressive strains (>15% - 45%).
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Different values of

and

were also considered, but were rejected

either due to high PG swelling stress predictions, or low correlation coefficients to
experimental PG osmotic swelling pressure data. Various PB-cell parameters
were also considered, but a GAG molecule radius of 0.55 nm and GAG
interchange distance of 0.51 nm resulted in the best constituent stress
predictions for native newborn bovine AC. The Cauchy stress equation
developed based on these parameters provides a FEA implementable,
polyconvex strain energy function for the PG constituent of AC.

4.5.2 Constituent Stress Predictions in Confined
and Unconfined Compression

The selected PG swelling stress model predicts a tension to compression
transition of COL+MAT constituent stress in the direction of loading (z-direction)
in UCC. In the radial direction in UCC, COL+MAT stresses are initially tensile and
increase with increasing UCC strain. In CC the COL+MAT stress predictions
remain in tension for all experimental strain levels (0%, 15%, 30%, 45%).
Therefore, it can be concluded that loading condition (CC vs. UCC) does have an
effect on the tension to compression transition of COL+MAT constituent stress in
compression.
Biochemical composition of individual explants, and in particular the
GAG/COL, mass ratio has an effect on the constituent stress responses. For
UCC, in the S and M layers, there was a negative correlation between GAG/COL
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mass ratio and COL+MAT stress (p < 0.05). In CC, a similar trend was observed,
yet significance was not found (p > 0.05). For the CC trend, additional data would
likely show significance. Quantifying the GAG/COL mass ratio for a tissue group
may provide an indication as to whether or not the COL+MAT constituent will
transition from the tensile strain initially necessary for equilibrium to compressive
strain during compressive loading. Samples with large amounts of GAG
molecules and/or low COL content are less likely to have “slack” COL fibers
when loaded in compression due to the increased PG swelling pressure. Also,
samples with lower amounts of GAG molecules and/or high COL content are
more likely to have “slack” COL fibers in compressive loading. This finding
reinforces the profound effects of relative constituent concentrations on the
biomechanical response of AC.
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Chapter 5: Material Parameter
Determination

5.1 Goals

The primary objective of this project is to develop a realistic continuum
mechanics based FEA model of AC to model in vitro mechanical experiments for
native explants and explants cultured in TGF-β1 or IGF-1. Another objective of
this project is to validate the resulting FEA model of AC for multiple layers,
culture treatments, and loading types. This overlapping validation protocol is
intended to provide a more complete and comprehensive validation, compared to
validating for a single experimental loading condition, group, or layer. A final
objective of this project is to determine if there are changes in the true COL fiber
modulus (

) or ground matrix shear modulus (µ) with depth from the articular

surface and for culture in growth factors IGF-1 and TGB-β1. These goals seek to
further develop the understanding of the constitutive mechanical effects of culture
in IGF-1 and TGB-β1on AC tissue.
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5.2 Experimental Data Source

Experimental mechanical and biochemical data necessary for this study
determination came from two different sources. Biochemical and mechanical
data for D0 samples and samples cultured for 12 days in medium supplemented
with growth factors (D12) then tested sequentially in compression (CC and UCC)
is taken from (Williams et al. 2010) as described in Section 4.2. Mechanical data
for D0 and D12 tensile specimens came from (Stender et al. 2011) with
additional details for the tensile sample preparation outlined as follows.
Full thickness bovine newborn (1-3 weeks) calf AC blocks were harvested
from the medial ridge, the lateral ridge, and the center of the patellofemoral
groove (PFG) (Figure 5.1) S and M layers were sliced (~0.5mm each) from the
articular surface using a vibratome. Samples were cultured according to the
methods of Asanbaeva et al. (2008).

Figure 5.1. Patellofemoral groove showing different location for “groove” and “ridge”
specimens.
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The slices were punched into a tapered “dog bone” strip with a gauge
region of 4.0mm x 0.8 mm for tensile testing. For both ridge and groove harvest
sites, the long axis of the sample was oriented in the anterior posterior direction.
During mechanical testing, a tare strain was initially applied to each specimen,
followed by a fixed displacement (5% then 10% tensile strain). Therefore, the
total tensile strain magnitude is the tare strain plus the applied fixed
displacement.
Analysis of variance (ANOVA) was used to determine the effect of strain
level, 15% vs. 30% in UCC and 5% vs. 10% in tension and layer, S vs. M.
Additionally, an ANOVA analysis was performed to determine the effect of
direction on Poisson’s rations in UCC (

vs.

) and strain level 15% vs. 30%.

Direction did not have a significant effect on Poisson’s ratios in UCC (p > 0.05).
Therefore, Poisson’s ratios

and

were averaged and a single averaged

Poisson’s ratio was assumed for each UCC group (D0, IGF-1, and TGF-β1).
Because AC exhibits a much higher Young’s modulus ( ), in tension compared to
compression, (Soltz and Ateshian 2000; Williamson et al. 2003; Huang et al.
2005; Ficklin et al. 2007)
(UCC) and

is used to define Young’s modulus in compression

is used to define the Young’s modulus in tension. For all D0 and

D12 groups strain level (15% vs. 30% in UCC and 5% vs. 10% in tension) was
determined to not have a significant effect on UCC Poisson’s ratio ( , UCC
modulus (

), CC aggregate modulus (

), or tensile modulus (

) (p > 0.05).

Therefore, CC, UCC, and tension mechanical and biochemical data was
averaged across strain level. The model was fit to the average strains of the
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resulting data set with 22.5% strain in UCC and CC and 7.5% strain plus tare
strain in tension.
Experimental data was assembled into six groups: D0 S and M layers,
D12: IGF-1 S and M layers, and D12: TGF-β1 S and M layers each with
corresponding

,

, and

averaged to 22.5% UCC strain and

averaged to

7.5% plus tare strain. Since no ridge location tensile data was available, D12
values were scaled using either the S or M layer groove to ridge modulus ratios
determined from Stender et al. (2011) Following compression testing, ridge
specimens were tested for biochemical properties and normalized to initial
sample wet weight (WWi). Cell and COL contents were calculated using ratios of
7.7 pgDNA/cell (Kim et al.1988) and 7.25 g COL/g hydroxyproline (Herbage et al.
1977; Pal et al. 1981). Tensile specimens were assumed to have the same mean
biochemical properties as the ridge compression specimens listed in Table 4.1.

5.3 Methods

AC was assumed to be composed of three constituents (GAG, MAT, and
COL). A FEA model was developed using a UMAT to define material behavior in
the FEA solver Abaqus (SIMULIA. Providence, RI). The FEA models developed
for this study model initial and displacement controlled equilibrium experimental
boundary conditions for CC, UCC and tension tests.
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Finite Element Analysis
Initially the constitutive FEA model is a sum of the individual constituent
reference configurations. In the PG constituent reference configuration

,

there is a negative PG stress due to the initial GAG concentration. Both COL
and MAT constituents have zero stress constituent reference configurations
and

, respectively (Figure 5.2).

Figure 5.2. Initial constituent reference configurations and the corresponding initial
stresses for PG, MAT and COL constituents.

Because of the nonzero PG constituent reference configuration stress, prior to all
analyses an equilibrium step must be solved wherein each constituent undergoes
an initial deformation, resulting in a stress free SM. Note that because all
constituents are combined into the SM, and therefore subject to the immobility
constraint, all constituents will undergo the same initial deformation. A zero SM
stress configuration was solved for analytically in Abaqus by declaring a stress
free initial condition and solving for the resulting constituent strains.
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Although the model can account for anisotropic fiber distributions, for this
experimental data set, an isotropic fiber distribution was used for both S and M
layers. The Benninghoff structure, which proposes an anisotropic COL fiber
distribution particularly in the S layer, is well documented for mature AC across
species (Rieppo et al. 2009; Zambrano et al. 1982; Van Turnhout et al. 2008).
Other studies suggest that this structure is absent for early postnatal
development, and therefore COL fiber distribution is isotropic in S an M layers
across species (Van Turnhout et al. 2010; Rieppo et al. 2009; Julkunen et al.
2010). An experimental study tested S layer newborn bovine calf AC in two
orthogonal directions and did not find a significant difference in tensile modulus
(Williamson et al. 2003). Therefore, an isotropic COL fiber distribution was
assumed for this study.
To model experimental conditions, and to save computational time, single
element C3D8 eight node, full integration, linear brick element models were
created with appropriate boundary conditions for CC, UCC, and tension
experiments. Increasing the number of elements had no effect on the FEA results
(Appendix B.5.6). For UCC and Tension cases the boundary conditions are
analogous to a “cube in a corner” (Figure 5.3) wherein one face in each of three
mutually orthogonal directions was unconstrained and a displacement boundary
condition was applied to one of the three free surfaces. Each of the constrained
faces was defined to have a zero displacement in the direction normal to the
given surface. For the CC condition, each of the four lateral surfaces was defined
to have zero displacement in a direction normal to the respective face and a
displacement was applied to the top surface.
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Figure 5.3. A Pictorial representation of UCC and Tensile “cube in a corner” boundary

conditions.

Constituent specific material constants as well as experimentally
measured biochemical parameters were required as inputs to the model for each
group. A table of the required material constants, the associated units, and the
method of determining each constant is shown in Table 5.1.
Table 5.1. Material constants necessary for the constitutive FE model of AC with the
appropriate units, and method of determination.

Material Constant

Units

Method of Determination

COL fiber modulus

MPa

Fit to experimental data

μ, MAT shear modulus

MPa

Fit to experimental data

Φf, COL fiber volume fraction

None

Experimentally measured

, Reference Configuration GAG
density

Experimentally measured
Fit to PG swelling pressure data
None

Fit to PG swelling pressure data

Validation
An optimization script was coded in Python (Python Software Foundation,
v3.2. alpha1) to vary the true COL fiber modulus ( ) and MAT shear modulus (μ)
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in order to obtain the best fit to experimental mechanical data by minimizing an
objective function as shown in equation 5.1

(5.1)

where

is the value of the objective function and the subscripts model and exp

represent predicted values and experimentally measured values, respectively. In
order to develop a more comprehensive validation of the model, validation was
carried out for each of the 6 experimental groups, and with each of the 3
following methods:
and μ were varied to obtain the best fit to experimentally

1. Fit to UCC -

determined UCC mechanical parameters
and μ values,
2. Fit to Tension -

and

were predicted.

and μ were varied to obtain the best fit to

experimentally determined tensile modulus
μ values,

and

3. Simultaneous fit parameters

and . From the determined

, and

. For the determined

and

were predicted.
and μ were varied to simultaneously match UCC
and tensile modulus

such that percent errors

were approximately the same for each parameter.

was predicted.

In order to quantitatively asses the overall effectiveness of the different fit
methods the complete objective function was shown in equation 5.2 was
calculated for each group and fit method.
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(5.2)
To ensure physically reasonable parameter determination, upper and
lower bounds were enforced on the values of

and μ (0.001MPa <

<

3000 MPa) and (0.001 MPa < μ < 1000MPa).

5.4 Results

5.4.1 Material Parameters

Material parameters were determined according to the methods outlined
in section 5.3. The results for the S and M layers are shown below in Figure 5.3
and. For all groups and fitting methods MAT shear modulus µ, was determined to
be 0.001 MPa. Numerical values for the determined
Appendix B.5.5
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and µ can be found in

Figure 5.4. True COL fiber modulus

determined for S and M Layer bovine newborn

calf AC before (D0) and after (D12 IGF-1, D12 TGF-β1) in vitro growth. Numerical values
are in Appendix B.5.5. Note that for all groups and fitting methods MAT shear modulus µ,
was determined to be 0.001 MPa.
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5.4.2 Model Predictions

Model predictions for

,

, HA, and

are shown in Figure 5.5, Figure

5.6, and Figure 5.7 for D0, D12 IGF-1 and D12 TGF-β1 explants from both S and
M layers.
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D0, S Layer

D0, M Layer

Figure 5.5. Experimental results compared with theoretical model predictions for D0, S
and M layers. Experimental results are mean SD.
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D12 TGF-β1, S Layer

D12 TGF-β1, M Layer

Figure 5.6. Experimental results compared with theoretical model predictions for D12
TGF-β1, S and M layers. Experimental results are mean SD.
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D12 IGF-1, S Layer

D12 IGF-1, M Layer

Figure 5.7. Experimental results compared with theoretical model predictions for D12
IGF-1, S and M layers. Experimental results are mean SD.
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Table 5.2. Complete objective function values for Fit to UCC, Fit to Tensile and
Simultaneous fit methods. The complete objective function was calculated using
equation 5.2.

D0

Fit to UCC
Fit to Tensile
Simultaneous Fit

Complete Objective
Function, S Layer
0.464
0.039
0.180

Complete Objective
Function, M Layer
2.95
0.135
1.196

D12 TGF-β1

Fit to UCC
Fit to Tensile
Simultaneous Fit

0.388
0.036
0.464

4.334
0.147
1.894

D12 IGF-1

Fit to UCC
Fit to Tensile
Simultaneous Fit

0.546
0.217
0.184

0.422
0.154
0.158

Group

Fit Method

5.5 Discussion

5.5.1 Material Parameters

The values determined for

and

for each culture group and layer

provide insight into the constituent specific mechanical consequences of in vitro
culture on AC. For all groups and fitting methods,

was determined to be the

lower bound of 0.001MPa. This result suggests that the MAT constituent has a
small or negligible contribution to the overall SM behavior during loading. It
should be noted that the inclusion of the MAT constituent may provide a more
physically comprehensive model. The MAT constituent also improved the stability
and convergence rate of the FEA model. Due to the small determined
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values,

mechanical properties were heavily dependent on the COL fiber modulus and the
determined PG Cauchy stress function.
Previous studies have developed continuum level fibril reinforced material
models to explain the mechanical behavior of AC and other collagen fiber
network reinforced soft tissues. Soulhat et al. (1999) proposed a similar nonstrain dependent COL fiber modulus, and fit the resulting model to dynamic UCC
data for full thickness bovine humeral head AC samples. Additional studies have
proposed elastic strain dependent (Korhonen et al. 2003; Lei and Szeri 2007)
and strain dependent viscoelastic (Wilson et al. 2004; Wilson et al. 2005) COL
fiber modulus models. For this study, a strain independent true COL fiber
modulus is proposed. The effect of strain level on all experimental mechanical
data (

and

) was determined to not be significant (p > 0.05) indicating

that a strain independent COL fiber modulus model is appropriate. During the
course of this study, a strain dependent COL material model was investigated,
but did not provide a good fit to the experimental data used for this study. A
comparison of COL fiber modulii from this study and other previous studies is
shown below.
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Table 5.3. Tissue source and determined True COL fiber modulus for D0 explants from
this and previous studies.

Authors
This Study
This Study
Korhonen et al. (2003)

Tissue Source

at equilibrium 7.5% tensile
strain plus tare strain (Mpa)

D0 S Layer newborn
Bovine AC
D0 S Layer newborn
Bovine AC
Lateral upper quadrant of
bovine patella

320
550
20

Lei and Szeri (2007)

1-2 year old bovine Full
thickness plugs

513.8

Soulhat et al. (1999)

Full thickness bovine
humeral head

110

Wilson, et. al. 2004

Normal bovine patellar
cartilage

0.4735

Wilson, et. al. 2005

Bovine AC

0.2737

Note that for the models of Wilson et al. (2004; 2005) the COL fiber modulus was
highly dependent on viscoelastic effects rendering the effective COL modulus
much lower at equilibrium compared to dynamic conditions.
The differences between

for D0 and D12 groups suggests that the

COL fiber network of newborn bovine calf AC undergoes mechanical changes
during in vitro culture. Since the AC model does account for the volume fraction
of COL fibers in the tissue it can be deduced that the differences in

are

attributed to an intrinsic strengthening or weakening of COL fibers and/or the
COL fiber network rather than COL fiber deposition. These results suggest that in
vitro culture in TGF-β1 results in increased COL fiber/COL network stiffness,
while culture in IGF-1 results in weakening of COL fibers/COL network.
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A limitation of this study is the limited experimental data currently
available. Since all experimental compressive data is from the medial or lateral
ridges of the PFG tensile and explants should ideally all be from the same region.
D12 tensile Modulii were scaled to ridge data according to the D0 ridge to groove
relationships. Actual experimental tensile data for D12 ridge explants would be
preferable for model validation and fitting. Additionally, reliable quantitative
Poisson’s ratio measurements in tension would provide an additional level of
confidence and accuracy for the determined material parameters and model
validation.

5.5.2 Model Predictions

Successful validation of the model through fitting to experimentally
measured mechanical parameters is dependent on layer and culture. For
example, for the D0 S Layer group all three fitting methods (fit to UCC, fit to
tension, and simultaneous fit) match all experimental parameters within one
standard deviation of the experimental mean. However, the model does not fit as
well to the IGF-1 S Layer group where some predictions are over a standard
deviation from the mean. Generally, the model fits and predictions are much
better for D0 and D12 TGF-β1 groups vs. D12 IGF-1. This discontinuity across fit
groups may suggest that the general weakening of D12 IGF-1 samples may be
due to changes in the tissue during in vitro culture that are not accounted for in
the model (i.e. not a change in

or μ). Also, model predictions fit better to S
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layer experimental data than M layer experimental data, which may be attributed
to calcification of the M layer in newborn AC tissue.
The fitting methods used suggest that for complex models it is beneficial
to validate the model using multiple methods (i.e. fit to UCC and predict tensile
properties and fit to tensile properties and predict UCC properties). For example,
the D12 IGF-1 layer fit to tensile results provide an excellent match to the
experimental tensile modulus, but the UCC properties from the same fit are far
from the experimental UCC values. Although the model is validated for a single
tensile loading condition, it may or may not successful when used to predict
alternative loading conditions depending on the experimental group.
This proposed constitutive model using an isotropic COL fiber distribution,
a PB-cell model PG Cauchy stress equation, and a compressible Neo-Hookean
ground substance matrix material provides an FEA implementable model for the
equilibrium behavior of newborn bovine calf AC. This study is the first study to
use a continuous fiber distribution model to predict

using CC, UCC, and tensile

data from the same tissue source before and following in vitro growth.
Furthermore, the model is able to capture the extreme tension-compression
nonlinearity of AC for multiple groups. According to the complete objective
function results in Table 5.2, validation of the model is generally better using the
tensile fit to experimental data. Validation is also generally better for S layer
compared to M layer and D0 and TGF-β1 compared to IGF-1 according to the
complete objective function results in Table 5.2. The Simultaneous fit method
provides the best estimates of

and µ for the experimental AC groups used in

this study. Further studies with different tissue sources and/or locations may lead
to accurate complete joint models that could improve therapeutic strategies for
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treating cartilage defects and/or arthritis. These results as well as this FEA model
may help to guide future AC tissue engineering studies and provide an insight
into the complex constituent relationships that govern AC mechanical behavior.
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Appendix A: Derivations

A.1.1 Derivative of the Determinant of a
Second Order Tensor
This derivation is necessary to derive the MAT Second Piola-Kirchoff stress
tensor.
Let

be a second order tensor with

. From the definition of the

derivative of a scalar valued function of a tensor where

is an arbitrary second

order tensor 4.

Expand the determinant of a tensor in terms of the invariants of the tensor

Applying the expansion of the determinant of a tensor in terms of the tensors
invariants

4

Note that this derivation is reproduced from Marsden and Hughes (1994)
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Recall

and

And because B is arbitrary and

If

is invertible and symmetric

Or alternatively,

A.1.2 Partial derivative of a Tensor With
respect to its Inverse
This derivation is necessary to calculate the MAT elasticity tensor.
The partial derivative of a tensor with respect to its inverse,
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.

Multiplying both sides by

gives:

A.1.3 Polyconvexity
Polyconvexity is used as a means of ensuring material stability and numerical
convergence in FEA models.

Ground Matrix Strain Energy Density Function
Given:
=

If
of

is a convex function of
, then

and

is polyconvex.

And
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is a convex function

Similarly,

For both

and

if

then

and the strain energy

function is polyconvex.

Collagen Strain Energy Density Function
Given the proposed true strain energy function for pure collagen fibrils with no
pre-strain:

where

is one dimensional Green-Lagrangian strain

Calculating the second derivative,

From Shirazi et. Al. (Shirazi et al. 2010) the
to be positive. It is noted that for

and

terms are shown

the Heaviside step function and

consequently the COL strain energy density will be zero. Therefore the OCL
strain energy density is polyconvex provided
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Proteoglycan Strain Energy Density Function
For proof of Polyconvexity for the proteoglycan constituent please refer to
Appendix A.4.4.

A.1.4 Hemholtz Free Energy Equation
The result of this derivation is integrated with respect to the determinant of the
deformation gradient tensor to obtain the PG strain energy density function, as
shown in appendix A.4.1.
The Cauchy stress for a mixture of

elastic growing materials and an inviscid

fluid is given in [3] as5:

Assuming process reversibility and neglecting changes in chemical potential
energy, so that Hemholtz free energy reduces to a function of strain energy

Assuming that the constituent strain energy functions,

depend only on the

respective constituent deformation gradients,

5

Note that this derivation is reproduced from Oungoulian S R (2007)
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Assuming for the GAG constituent
that depends only on

an isotropic strain energy function

. Then, applying the chain rule

Applying the formula from Appendix A.1.1

Recalling that from continuity,

A.1.5 Confined and Unconfined Compression
Constituent Stresses
This appendix outlines the process used to calculate constituent stresses for CC
and UCC loading consitions from Chapter 4.
Recall the proteoglycan stress equation.

TPG = -α

I

Where for confined compression at applied strain ε,
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And for unconfined compression and tension assuming an isotropic material
(ν31 = ν32 = ν for 3-direction loading)

Solid matrix Stress can be calculated using experimentally measured equilibrium
confined compression modulus and strain HA and ε, respectively.

TSM = HA*ε I
Using the stress balance hypothesis:

TCOL+MAT = TSM - TPG

A.4.1 PG Cauchy Stress
Given:

Calculating the derivative of PG strain energy

A.4.2 PG Material Elasticity Tensor
Starting with the Cauchy stress
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And applying the stress transformation relationship the Second Piola Kirchoff
stress is

And the definition

Apply the product rule

Applying the result from appendix A.1.3

Modifying the second and fourth terms as follows:

Apply the chain rule

Apply Jacobi’s formula in Appendix A1.1
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Combining like Terms

Therefore,

A.4.3 PG Jacobian Stiffness Matrix
To calculate the PG Jacobian stiffness matrix the result from section 3.4.1shown
below is applied

Applying the PG Cauchy stress equation derived in Appendix A.4.1A.4.1 PG
Cauchy Stress and the PG material elasticity tensor derived in Appendix A.4.2
the Abaqus FE implementable PG material Jacobian stiffness matrix is
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A.4.4 Polyconvexity of PG Strain Energy
Density Function
Given:

Calculating the second derivative for,

Showing that if

and

then

and the strain

energy function is polyconvex6.

6

Note that the jacobian is, by definition never < 0, and for physically reasonable
problems
. These conditions are also necessary for polyconvexity of the PG
strain energy density function and are assumed during the derivation.
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Appendix B: Data

B.5.1 Biochemical Data
Table B.1. Experimentally measured biochemical parameters mean COL fiber volume
fraction,
and mean Reference Configuration GAG density,
for D0, D12: IGF-1, and
D12: TGF-β1 (S and M Layers). COL volume fraction is calculated from (%WWf) using
3
the true density of COL as 1,436 g/cm (Basser et al. 1998).These parameters were all
group specific inputs for the FE model used to determine true COL fiber modulus and
MAT shear modulus. Values from (Williams et al. 2010)

Group

Layer

Sample
size (n)

(% of total tissue
volume)

Standard
Deviation

(mg/ml)

Standard
Deviation

D0

Superficial

16

3.85

0.968

32.8

7.50

D0

Middle

18

4.98

1.44

47.6

12.1

D12: IGF-1

Superficial

15

3.32

1.00

30.5

4.30

D12: IGF-1

Middle

11

4.01

2.09

33.0

9.20

D12: TGF-β1

Superficial

12

5.39

1.08

41.8

6.90

D12: TGF-β1

Middle

16

5.83

1.59

51.3

12.8
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B.5.2 Experimental Tensile Data
Table B.2. Experimentally measured mean Tensile modulus,

for D0, D12: IGF-1, and

D12: TGF-β1 (S and M Layers). Ridge Tensile modulus was used to validate/fit the FE
model to experimental data for each group. Note that values represent the averaged
strain (7.5%) of both 5% and 10% experimental strain levels. (Stender et al. 2011).

7.5%
strain
Groove
(MPa)

Groove
Standard
Deviation

Groove to
Ridge
Conversion
factor

7.5%
strain
Ridge
(MPa)

Ridge
Standard
Deviation

Mean tare
strain
(mm/mm)

Group

Layer

Sample
size (n)

D0

Superficial

10

3.87

1.29

N/A

1.81*

0.687

0.028

D0

Middle

14

14.2

9.50

N/A

5.67*

1.78

0.026

D12: IGF-1

Superficial

12

0.426

0.253

0.470

0.200

0.119

0.154

D12: IGF-1

Middle

12

0.714

0.528

0.410

0.293

0.217

0.373

D12: TGF-β1

Superficial

12

8.69

1.63

0.470

4.08

0.768

0.021

D12: TGF-β1

Middle

14

12.0

6.84

0.410

4.908

2.80

0.04

B.5.3 Experimental Confined Compression
Data
Table B.3. Experimentally measured mean CC modulus,
for D0, D12: IGF-1, and
D12: TGF-β1 (S and M Layers). The CC modulus was used to validate the FE model to
experimental data for each group. Note that values represent the average strain (22.5%)
of both 15% and 30% experimental strain levels. Data from (Williams et al. 2010).

22.5% CC strain
(MPa)

Group

Layer

Sample size (n)

D0

Superficial

20

0.115

0.068

D0

Middle

30

0.300

0.150

D12: IGF-1

Superficial

26

0.04

0.037

D12: IGF-1

Middle

20

0.08

0.07

D12: TGF-β1

Superficial

24

0.219

0.116

D12: TGF-β1

Middle

18

0.32

0.13
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Standard Deviation

B.5.4 Experimental Unconfined Compression
Data
Table B.4. Experimentally measured mean UCC modulus,
and Poisson’s Ratio, for
D0, D12: IGF-1, and D12: TGF-β1 (S and M Layers).
and are used to validate/fit
the FE model to experimental data for each group. Note that values represent the
average strain (22.5%) of both 15% and 30% experimental strain levels. Data from
(Williams et al. 2010).

Group

Layer

Sample
size (n)

22.5%
UCC strain
(MPa)

Standard
Deviation

Sample
size (n)

22.5%
UCC strain
(MPa)

Standard
Deviation

D0

Superficial

22

0.131

0.070

44

0.077

0.046

D0

Middle

14

0.228

0.108

28

0.123

0.122

D12: IGF-1

Superficial

20

0.022

0.022

28

0.191

0.042

D12: IGF-1

Middle

22

0.031

0.046

40

0.0209

0.171

D12: TGF-β1

Superficial

18

0.223

0.110

34

0.066

0.064

D12: TGF-β1

Middle

18

0.363

0.068

36

0.058

0.048
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B.5.5 Mechanical Constants
Table B.5. Numerical values for mechanical constants true COL fiber modulus Ef (MPa)
and MAT shear modulus, µ (MPa) as determined by three fitting methods to experimental
data.

Fit to UCC

Fit to Tensile

Simultaneous fit

True COL
fiber
modulus,
(MPa)

MAT
shear
modulus,
(MPa)

True COL
fiber
modulus,
(MPa)

MAT
shear
modulus,
(MPa)

True COL
fiber
modulus,
(MPa)

MAT
shear
modulus,
(MPa)

Group

Layer

D0

Superficial

370

0.001

290

0.001

320

0.001

D0

Middle

320

0.001

710

0.001

550

0.001

D12: IGF-1

Superficial

90

0.001

26

0.001

40

0.001

D12: IGF-1

Middle

80

0.001

34

0.001

46

0.001

D12: TGF-β1

Superficial

530

0.001

480

0.001

540

0.001

D12: TGF-β1

Middle

950

0.001

490

0.001

690

0.001

B.5.6 Mesh Convergence Study
In order to validate the single element models developed for this study, a
mesh convergence study was performed for a D0 S layer specimen for CC and
Tension models. Stretch following the equilibrium step, as well as the equilibrium
Cauchy was recorded for 7.5% tensile strain and 22.5% UCC strain. Element
size was varied to create models with 1, 8, 64, and 512 elements. As expected,
mesh size had no effects on the FEA results. The results are shown in figures B1
and B2. Note that these values may not correspond to validation results due to
the exclusion of tare strain and/or variation in material parameters.
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Figure B.1. Mesh Convergence study for the D0 S layer group in tension (7.5% strain)
and UCC (22.5% strain)

Figure B.2. Mesh convergence study results for theD0 S Layer group for initial stretch
following the SM equilibrium step.
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